It is usually considered that the SO(10) model with one 10 and one 126 Higgs scalars cannot reproduce the observed quark and charged lepton masses. Against this conventional conjecture, we find solutions of the parameters which can give the observed fermion mass spectra. The SO(10) model with one 10 and one 120 Higgs scalars is also discussed. PACS number(s): 12.15. Ff, 
I. INTRODUCTION
The grand unification theory (GUT) is very attractive as a unified description of the fundamental forces in the nature. Especially, the SO(10) model is the most attractive to us when we take the unification of the quarks and leptons into consideration. However, in order to reproduce the observed quark and lepton masses and mixings, usually, a lot of Higgs scalars are brought into the model. We think that the nature is simple. What is of the greatest interest to us is to know the minimum number of the Higgs scalars which can give the observed fermion mass spectra. A model with one Higgs scalar is obviously ruled out for the description of the realistic quark and lepton mass spectra. Then, how is a model with two different types of Higgs scalars (e.g., 10 and 126 scalars)?
In the SO(10) GUT scenario, a model with one 10 and one 126 Higgs scalars leads to the relation [1] 
where M e , M u and M d are charged lepton, up-quark and down-quark mass matrices, respectively. It is widely accepted that there will be no solution of c u and c d which give the observed fermion mass spectra. The reason is as follows : We take a basis on which the up-quark mass matrix M u is diagonal (M u = D u ). Then, the relation (1.1) is expressed as
Considering that M d is almost diagonal and the mass hierarchy of up-quark sector is much severe than that of down-quark sector, we observed that the contribution to the first and the second generation part of M e from the up-quark part D u is negligible so that it is proportional to that of M d . Thus, the relation (1. The mass values at the GUT scale which are evaluated from the observed values by using the renormalization group equations show sizable deviations from the GeorgiJarskog relations. The purpose of the present paper is to investigate systematically whether there are solutions of c u and c d which give the realistic quark and lepton masses or not.
II. OUTLINE OF THE INVESTIGATION
In the SO(10) GUT model with one 10 and one 126 Higgs scalars, the down-quark and down-lepton mass matrices M d and M e are given by
where M 0 and M 1 are mass matrices which are generated by the 10 and 126 Higgs scalars φ 10 and φ 126 , respectively. Inversely, we obtain
On the other hand, the up-quark mass matrix M u is given by
where
and φ u and φ d denote Higgs scalar components which couple with up-and down-quark sectors, respectively. Therefore, by using the relations Eq.(2.2), we obtain the relation
For convenience, first, we investigate the case that the matrices M u , M d and M e are symmetrical matrices at the unification scale because we assume that they are generated by the 10 and 126 Higgs. Then, we can diagonalize those by unitary matrices U u , U d and U e , respectively, as
where D u , D d and D e are diagonal matrices. Since the Cabibbo-Kobayashi-Maskawa (CKM) matrix V is given by
the relation (2.5) is re-written as follows:
At present, we have almost known the experimental values of D e , D u and V D d V † . Therefore, we obtain the independent three equations: 
where (2.10) 3 , for instance, means the right handside of (2.10) to the third power. Let us denote the parameter values of κ evaluated from (2.13) and (2.14) as κ A and κ B , respectively. If κ A and κ B coincide with each other, then we have a possibility that the SO(10) GUT model can reproduce the observed quark and lepton mass spectra. If κ A and κ B do not so, the SO(10) model with one 10 and one 126 Higgs scalars is ruled out, and we must bring more Higgs scalars into the model. Of course, in the numerical evaluation, the values κ A and κ B will have sizable errors, because the observed values D e , D u , D d and V have experimental errors, and the values at the GUT scale also have errors. Therefore, we will first evaluate κ A and κ B by using the center values at µ = m Z . The values κ A and κ B are not so sensitive to the renormalization group equation effect (evolution effect), because those are almost determined only by the mass ratios. For reference, we also evaluate the parameters κ A and κ B from the input values at the unification scale µ = Λ X for the two special cases (non-SUSY and SUSY models). If we find κ A κ B , we will give further detailed numerical study only for the case.
III. NUMERICAL RESULTS
First, we investigate at the energy scale µ = m Z . Eqs.(2.13) and (2.14) are realized by GUT scale because Eq.(2.7) is broken at µ = m Z . However, even if µ = m Z , the ratio of each matrix element in Yukawa coupling scarcely changes, as a rule. Therefore, we assume that each Yukawa coupling at µ = m Z is a symmetrical matrix in approximation. For the fermion masses at µ = m Z , we use the following values: [4] m t = 181 ± 13 GeV, m b = 3.00 ± 0.11 GeV, m c = 677 
4)
In this case, the mass matrices in MeV are Here, using the condition 
We consider that the model should be calculable perturbativly. We can see that every element of the Yukawa coupling constants (3.9) is smaller than one if we take a suitable value of |ρ|. In order to see the evolution effects, we have also considered the following two cases : Tables III and IV , respectively. The solutions give the same trends; m s is smaller and θ 23 is larger than the value in Eqs.(3.10)-(3.13) as the case of µ = m Z . In other words, the evolution effects scarcely make change of the previous results.
IV. 10 AND 120
In the SO(10) GUT scenario, we can also discuss the model with one 10 and one 120 by the same method. 
Then, we can diagonalize those by unitary matrices U u ,
Since the CKM matrix V is given by
the relation (4.1) is re-written as follows:
As stated previously, we have almost known the experimental values of D e , D u and V D d V † . Therefore, we obtain the independent three equations:
where κ = c u /c d . For the parameter κ, we have two equations:
Eqs. (4.8) and (4.9) are more simple than Eqs. (2.13) and (2.14). c d and κ are real since we have assumed the M u , M d and M e to be Hermitian. So the calculation is easier than the case for 10 and 126. The neumerical results are listed in Table V -VIII.
V. SUMMARY AND DISCUSSION
In conclusion, we have investigated whether an SO(10) model with two Higgs scalars can reproduce the observed mass spectra of the up-and down-quark sectors and charged lepton sector or not. What is of great interest is to see whether we can find reasonable values of the parameters c u and c d which satisfy the SO(10) relation (2.5) or not. For the case with one 10 and one 126 scalars, in a parameter κ = c u /c d , we have obtained two equations (2.13) and (2.14) which hold at the unification scale µ = Λ X and which are described in terms of the observable quantities (the fermion masses and CKM matrix parameters). We have sought for the solution of κ approximately by using the observed fermion masses and CKM matrix parameters at µ = m Z instead of the observable quantities at µ = Λ X . Although we have found no solution for real κ, we have found four solutions for complex κ which satisfy Eqs. (2.13) and (2.14) within the experimental errors. Similarly, we have found four solutions for a model with one 10 and one 120 scalars. It should be worth while noting that the solutions in the latter model are real. The latter model is very attractive because the origin of the CP violation attributes only to the 120 scalar. In the both models, we can make the magnitudes of all the Yukawa coupling constants smaller than one, so that the models are safely calculable under the perturbation theory.
By In the present paper, we have demonstrated that the unified description of the quark and charged lepton masses in the SO(10) model with two Higgs scalars is possible. However, we have not referred to the neutrino masses. Concerning this problem, Brahmachari and Mohapatra have recently showed that one 10 and one 126 model is incompatible with large ν µ -ν τ mixing angle [7] . Since there are many possibilities for neutrino mass generation mechanism, we are optimistic about this problem, too. Investigating for a question whether an SO(10) model with two Higgs scalars can give a unified description of quark and lepton masses including neutrino masses and mixings or not is our next big task. 2.14) ).
